In this work we study equisingularity in a one-parameter flat family of generically reduced curves. We consider some equisingular criteria as topological triviality, Whitney equisingularity and strong simultaneous resolution. In this context, we prove that Whitney equisingularity is equivalent to strong simultaneous resolution and also is equivalent to the constancy of the Milnor number and the multiplicity of the fibers. These results are extensions to the case of flat deformations of generically reduced curves, of known results on reduced curves. When the family (X, 0) is topologically trivial, we also characterize Whitney equisingularity through Cohen-Macaulay property of a certain local ring associated to the parameter space of the family.
Introduction
Consider a germ of reduced complex surface (X, 0) together with a flat projection p : (X, 0) → (C, 0). A representative X of the germ can be viewed as a one parameter flat deformation of the curve X 0 := p −1 (0). When (X, 0) is not Cohen-Macaulay the curve X 0 has a embedded component at the origin. If it is reduced elsewhere we call it generically reduced curve. We can see that this situation arises in many and natural examples. Brücker and Greuel studied these deformations in [4] and defined the δ invariant and a Milnor number for a generically reduced curve. In particular, they showed that normalization in family and also week simultaneous resolution is equivalent to the constancy of δ.
In [8] , Công-Trình Lê studied topological triviality of such families comparing it to the constancy of Milnor number, the full statement was proved by Greuel in [6] .
In [2] Whitney equisingularity of such a family was proved to be equivalent to Zariski's discriminant criterion. All these results are extensions to the case of flat deformations of generically reduced curves, of known results on reduced curves. See for example ([3] , [5] , [9] and [11] ).
The aim of this work is to study Whitney equisingular deformations of a generically reduced curve. Our main results are the equivalence between Whitney equisingularity, strong simultaneous resolution, and the constancy of Milnor number and the multiplicity together with the connectivity of all the fibers.
We also prove that for a topologically trivial deformation of a generically reduced curve, Whitney equisingularity can be characterized by the Cohen Macaulay property of a certain local ring associated to the parameter space.
Equisingular families of generically reduced curves
Throughout the paper, (x 1 , · · · , x n , t) denotes a local coordinate system for C n × C. The rings O n ≃ C{x 1 , · · · , x n } and O n+1 ≃ C{x 1 , · · · , x n , t} denote the local rings of holomorphic functions at the origin, respectively on C n and C n × C. If n = 3, we also use the notation (x, y, z) for a local coordinate system of C 3 . We always denote by T a neighborhood of 0 ∈ C in the last factor of C n × C.
Families of curves
Definition 2.1. (a) Let (C, 0) be a germ of curve in (C n , 0). We say that (C, 0) is generically reduced at 0 if the only possibly non reduced point of the curve near the origin is the origin itself, that is, a curve with an isolated singularity at the origin.
(b) Let (X, 0) be a germ of a reduced complex surface of pure dimension 2 with a smooth singular locus of dimension one or with isolated singularity at the origin. Consider a projection p : (X, 0) → (C, 0).
(c) We say that the surface (X, 0) is a one-parameter flat deformation of the curve (X 0 , 0) := p −1 (0) if the projection p is a flat map, which is equivalent, in this setting, to say that p ∈ O X,0 is not a zero divisor nor a unit. When (X 0 , 0)
is generically reduced, we say p : (X, 0) → (C, 0), or simply (X, 0), is a family of generically reduced curves. Example 2.3. Let (X, 0) be the germ of surface parametrized by the map
it is a reduced surface defined by the ideal
The projection to the last factor makes the surface into a one parameter deformation of the curve (X 0 , 0) defined by the ideal:
One can see that the curve has an embedded component at the origin and that the surface (X, 0) is not Cohen-Macaulay.
We remark that the surface (X, 0) of Example 2.3 appears in [1, Example 55] as the singular set of a family of surfaces in C 3 × C.
The invariants
Following Brücker and Greuel ([4]), we recall definitions of the δ-invariant and the Milnor number for a generically reduced curve.
be a germ of a generically reduced curve. Denote by (|C|, 0) the corresponding curve with reduced structure, and let n : (Ĉ, 0)) → (|C|, 0) be the normalization of (|C|, 0). The following numbers:
are respectively the delta-invariant of (|C|, 0), the epsilon-invariant and the delta-invariant of (C, 0), where H 0 (R) denotes the 0-local cohomology of the local ring R.
are respectively the Hilbert-Samuel multiplicity of the maximal ideal m OC,0 of the local ring O C,0 of C at 0 and the Milnor number of (|C|, 0) and (C, 0); where r(C, 0) denotes the number of branches of (C, 0).
Remark 2.5. Let (C, 0) be a germ of generically reduced curve with local ring O C,0 ≃ O n (I) . The ǫ invariant can be also calculated as
that is, the dimension of the nilradical of O (C,0) as a C-vector space (which is finite iff (C, 0) has isolated singularity, see for instance [6] ). Also in (
of I, where p j are prime ideals and Q is a (not unique) m-primary ideal, then
Example 2.6. Let us consider the Example 2.3. A primary decomposition of the ideal I 0 in O 3 is given by
The local ring of the corresponding reduced curve is
, so δ(|X 0 |, 0) = 3 and µ(|X 0 |, 0) = 6. We have also that
since that z, yz and z 2 generate the nilradical of O X0,0 as a C-vector space. Therefore, δ(X 0 , 0) = 0 and µ(X 0 , 0) = 0.
Remark 2.7. The Milnor number of a generically reduced curve (C, 0) is also called in [4] µ-invariant, since it does not have all the good properties of the classical Milnor number of a reduced curve. However, as we will see in next section, the µ-invariant has been shown to be useful for the study in equisingularity of families of generically reduced curves.
Topological triviality and Whitney equisingularity
In the sequel, we will consider families of generically reduced curves in which all the fibers have at most one singular point. We require that in order to avoid the splitting of singularities that may happen in µ-constant families of space curves (see [5] , Example 7.2.5).
Definition 3.1. Let (X, 0) be a pure dimensional surface singularity and p : (X, 0) → (C, 0) be a family of generically reduced curves in (C n × C, 0) and consider a good representative p : X → T (in the sense of [4] or [6] ) with a section σ : T → X, such that X t \ σ(t) is smooth for t ∈ T . In particular, the singular locus of X is contained in σ(T ).
Note that when the singular locus of (X, 0) is smooth and one dimensional, after a suitable change of coordinates, one can assume it is a complex line. Therefore, taking a good representative p : X → T , we will identify σ(T ) with {(0, · · · , 0, t) ∈ C n+1 , t ∈ T ⊂ C} ≃ T , and will assume it contains the singular locus of X. We will denote the fibers of p by p −1 (t) := (X t , σ(t)).
(a) We say that p : X → T is topologically trivial (or for simplicity, X is topologically trivial) if there is a homeomorphism h : It is not hard to prove that Whitney's condition (b) implies Whitney's condition (a), see for example [12] .
Theorem 3.2. Let p : X → T be as in Definition 3.1. Then X is topologically trivial iff both δ(X t , σ(t)) and r(X t , σ(t)) are constant for all t ∈ T iff µ(X t , σ(t)) is constant and (X t , σ(t)) is connected for all t ∈ T .
Theorem 3.2 is proved in [6] , see also [8] . In the reduced case, we have that X is Whitney equisingular if and only if the Milnor number µ(X t , σ(t)) and the multiplicity m 0 (X t , σ(t)) are constant for t ∈ T . Now, we show a generalization of this result for the generically reduced case.
Theorem 3.3. Let p : X → T be as in Definition 3.1. Then X is Whitney equisingular iff µ(X t , σ(t)), m(X t , σ(t)) are constant and (X t , σ(t)) is connected for all t ∈ T .
The key to the proof of Theorem 3.3 is the following lemma: 
where π 1 , π 2 and π 3 are quotient morphisms. We have that 
Serre's formula (see [10] , Th. 14.7) we have that
We are now able to prove Theorem 3.3.
Proof. (of Theorem 3.3) By lemma 3.4, we can prove the statement essentially in the same way as in the reduced case (see [3] , Theorem III.3), we include the proof for completeness.
(⇒) Since X is Whitney equisingular, then X is topologically equisingular and by Theorem 3.2 we have that µ(X t , σ(t)) is constant. The constancy of m 0 (X t , σ(t)) follows by a result of Hironaka, (see [7] , Cor. 6.2.).
(⇐) Let X 1 , · · · , X r be the irreducible components of X and denote by (X j t , σ(t)) = p −1 j (t) where here p j is the restriction of p to X j . By the additivity property of the multiplicity we have that
Since the multiplicity is an upper semi-continuous invariant, we have that m 0 (X t , σ(t)) is constant if and only if
is constant for all j. Therefore, since m 0 (X t , σ(t)) is constant we have that m 0 (X j t , σ(t)) is constant for all j.
Since µ(X t , σ(t)) is constant and (X t , σ(t)) is connected for all t, by Theorem 3.2 we have that X is topologically trivial. So we have that X is Whitney equisingular if and only if X j is Whitney equisingular for all j. Hence is sufficient to prove the irreducible case. Consider the linear projection in the last factor
In order to prove the condition (b), it is enough to prove the condition (a) and that, for every sequence of points (p n ) in X \ T converging to the origin, the sequence of lines generated by p n and r(p n ) converges to a line contained in the limit of tangent spaces T pn (X).
Suppose that X is irreducible. After a change of coordinates we can suppose that the axis x 1 is tangent to (X 0 , 0). Since X is topologically trivial we have that X admits a parametrization in family (for instance, see [6] )
where a j,i ∈ C, b j (t), b j,i (t) ∈ C{t} and b j (0) = b j,i (0) = 0 for all j and i. Consider the maps v(u, t) := ∂n ∂u (u, t) and w(u, t) := ∂n ∂t (u, t).
Let p n = n(u n , t n ) be a sequence of points in X \ T . Note that when p n → 0, the limit of tangent planes to X at the point p n contains the limit of the vectors 1 m(1+b1(t))u m−1 v(u n , t n ) and w(u n , t n ). Also we have that
when (u n , t n ) → 0, hence the condition (a) of Whitney is satisfied. Note that
Hence, we have that lim 1 u m p n r(p n ) = (1, 0, · · · , 0) when p n , r(p n ) → 0, therefore the condition (b) of Whitney is also satisfied. We have that µ(X t , σ(t)) is constant and since that X is irreducible (X t , σ(t)) is connected for all t (see [6] , Prop. 8.3). Hence, by Theorem 3.2 we have that X is topologically trivial. However m 0 (X 0 , 0) = 3 and m 0 (X t , σ(t)) = 1 for t = 0, therefore by Theorem 3.3 X is not Whitney equisingular.
(b) Let (X, 0) be the germ of surface parametrized by the map
Again the projection to the last factor makes the surface into a one parameter deformation of the curve (X 0 , 0) defined by the ideal:
One can see that the curve has an embedded component at the origin and that the surface (X, 0) is not CohenMacaulay. We can check that the fiber (X t , σ(t)) is connected, µ(X t , σ(t)) = 4 and m 0 (X t , σ(t)) = 3 for all t. Hence, by Theorem 3.3, X is Whitney equisingular. 
Strong simultaneous resolution
Definition 4.1. Let p : X → T be as in Definition 3.1. Let n : X → X be the normalization of X. Denote p := p • n : X → T . We say that p admits a strong simultaneous resolution if X is topologically trivial and
In others words, n −1 (T ) ∼ = n −1 (0) × T , using that σ(T ) ≃ T . Here, we consider the spaces n −1 (T ) and n −1 (0) × T are isomorphic with the analytic structure inherited from the normalization map.
In the reduced case, we have that X is Whitney equisingular if and only if X admits a strong simultaneous resolution. Now, we show that this result also holds for the generically reduced case. (1) (X, 0) is Whitney equisingular; (2) p : (X, 0) → (C, 0) admits a strong simultaneous resolution.
To prove this theorem, we need the following lemma: Lemma 4.3. Let p : X → T be as in Definition 3.1. Assume that (X, 0) is topologically trivial. Let (x 1 , · · · , x n , t) be a sytem of coordinates of C n × C. Let (X j , 0) be an irreducible component of (X, 0) and n j : (C 2 , 0) → (X j , 0) the normalization map germ of (X j , 0). Then:
(a) t in O 2 /n * j (x 1 , · · · x n ) is a parameter and j l O 2 (n * j (x 1 , · · · , x n ), t) = m 0 (X 0 , σ(0)) and j e t, O 2 (n * j (x 1 , · · · , x n )) = m 0 (X t , σ(t)) for t = 0.
(b) X is Whitney equisingular if and only if O 2 /n * j (x 1 , · · · x n ) is Cohen-Macaulay for all j = 1, · · · , r, where r is the number of irreducible components of X.
